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QCD Lagrangiov
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gluon dynamics quark kinetic energy mass term

\ guark-gluon dynamics /
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QCD color charge field strength tensor covariant derivative quark field

Yang-Mily Gauge Principle: Dimensionless Coupling

Inwawionce under Color Renormalizable
Rotafwvvahm Change Asymptotic Freedom
at tvery PW of Space and Color Confinement

Time
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* Although we know the QCD Lagrangian, we
have only begun to understand its remarkable
properties and features.

* Novel QCD Phenomena: hidden color, color
transparency, strangeness asymmetry, 1ntrinsic
charm, anomalous heavy quark phenomena,
anomalous spin effects, single-spin
asymmetries, odderon, diffractive deep
inelastic scattering, dangling gluons,

shadowing, antishadowing, QGP, CGC, ...

Trutiv iy stranger thoaw fiction, but it iy
because Fiction iy obliged to- stick to-
possibilities. —Mawrk Twairy
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Gool;

* Use AdS/CFT to provide an

approximate, covariant, and
analytic model of hadron structure
with confinement at large

distances, conformal behavior at
short distances

* Analogous to the Schrodinger
Theory for Atomic Physics

o AdS/QCD Holographic Model



Applications of AdS/CFT to-QCD

5-Dimensional Confinement
—— Anti-de Sitter Radius

\ Spacetime

AdS

Changes in
physical
length scale
mapped to
evolution in the
5th dimension z

N 4-Dimensional
—— Flat Spacetime
(hologram)

in collaboration with Guy de Teramond
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P.A.M Dirac, Rev. Mod. Phys. 21, 392 (1949)

Diracs Amazging Ideou:

The Front Form
Evolve 1n Evolve 1n
ordinary time 4 light-front time!
ct oc=-ct—z ‘ct T=t+ z/c

Instant Form Front Form

BNL AdS/QCD

November 20, 2007 6

Stan Brodsky, SLAC



Light-Front Wavefunctions: rigorous representation of
composite systems in quantum field theory

- KO 4 k3 Fixed T=t+ z/c

— A

Y= pr T poL p3

zPT,z,P| + k|,
pt, P,

W (x4, k iy Aj)

Irwawriont under boosty! Inde/pe/mde/mtOfPu
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‘Tis v mistake / Time flies not
IT only hovery onthe wing
Once born the moment dies not
Ty o bmumorvtad thing

. A moment stonding still for ever.

FJames Montgomery 1833

Sed fugit, interea, fugit irreparabile tempus.
VieG. Georg. 1il. 284.
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Light-Front Dynamics and Mapping AdS Modes

Light-Front Wave Functions in QCD

e Hadronic bound state expanded in n-particle Fock eigenstates |1)p,) = ) %y p|9p) of the LF
Hamiltonian Hy» = P2 = PTP~—P?, Hpp|P) = M?|P), atfixed LFtime T =t + 2/c
(Dirac '49; Pauli and Pinsky, sjb Phys. Rept. 1988).

e Fock components

vn(PT,P1)),

frame independent and encode hadron properties in high momentum-transfer collisions.

U /n(Ti, k1) = (05 @i, ko,

e Momentum fraction x; = k;r / Pt andk | ; are the relative coordinates of parton ¢ in Fock-state 1
n n
Z r; = 1 Z kJ_Z' = 0.
e Define transverse position coordinates z;r | ; = ;R | + b ;
n n
> bii=0, > mr;; =Ry
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Light-Front QCD

DLCQ

HiG " [Wh) = M3 W)
Heisenberg Matrix Vh) = Mh Vi Discretized.Lig?t-Cone
Formulation Quantization
1 2 3 4 5 6 7 8 9 10 1 12 13
n Sector | qf g9 | g | 963 | 9gg | 4oy | Gdad9 | 0GGGGd | 9999 | 94999 | GGCTYY |9G T 4T |9GGA4GaT
kA 1@ 3: - I
: e o | PR &
s T P . v
@ ¢o@a [ 5| | > 1
DWW O R <
X 5 @ T
AN el N N al S
kX p.s 7 qedg | - ? - : }W
(b)
8 qdqdq] g0 - :
5.5 DS 9 9999 F - | L
] § ] 10 qdggg . ? . ;’M =
- - |1 daaage . ;}’ . 3’
Kk, k,c |
12 qdqaqqg . .
(c)

Eigenvalues and Eigensolutions give Hadron

13 q9aqqq Qﬁl

Spectrum and Light-Front wavefunctions

Hans Christian Pauli

& sjb
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LIGHT -FRONT SCHRODINGER TQUATION
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Angular Momentum o the Light-Front

n n—1
J? — §% 4+ jZ Conserved
Z; l Z; J LF Fock state by Fock State
= J:
Z . 1,1 0 2 0 .
[ i —l(k i3 ka. k F @) n-1 orbital angular momenta

Nongero-Anomalouws Moment -->Nongero- ovbitad angulor momentum

BNL AdS/QCD
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A Unified Description of Hadron Structure

Elastic form factors
B-Decays
Parton momentum
distributions /
Real Compton
scattering at high

> N

W (x4, ki A)

LFWTFs
- Deeply Virtual Meson
Distribution production

Amplitudes

BNL AdS/QCD
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Calaudation of Form Factors inv Equal-Time Theory

AN

|
q* |
|

|
|
P

90

Need vacuum fluctuations

Calcudatiow of Form Factors inv Light-Front Theory
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F2

|

- —ng* (xiv kli?

Z/dx |[d2k] Zej— x

1 /
Ai) ¢Cl,,(flfz', kii,\i) + q—Rlbcl,,*(flfi, K\ i) lbl(%;, ki, Az)}

Drell, sjb

q
k/J_z — kJ_rL' — T;q L k,J_] = kJ_j —+ (1 — ZCj)qJ_
9 qr,L = q" tig?
- (+) -
. LK, i+ Q
Xjo Ky NIRRT
g 4
=
- >- |
Py, S,=-1/2 p+aq, S,=1/2

Must have A/Y, = S

-1 to have nonzero F5(g9)

BNL
November 20, 2007
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Anomalows grovitomagnetic moment B(0)
Okun, Kobzarey, Teryaev: B(0) MusC vanishv becaunse of

Equivalence Theovem
growv Lo
a, sum over constituents

~ () -

. LK, i+ Q

Xjo Ky NIRRT
ed |

Py, S,=-1/2 p+aq, S,=1/2
Hwang, Schmidt, sjb; B(0) = O Each Fock Stute
Holstein et al

BNL AdS/QCD
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Angular Momentum o the Light-Front

n n—1
J? — §% 4+ jZ Conserved
Z; l Z; J LF Fock state by Fock State
= J:
Z . 1,1 0 2 0 .
[ i —l(k i3 ka. k F @) n-1 orbital angular momenta

Nongero-Anomalouws Moment -->Nongero- ovbitad angulor momentum

BNL AdS/QCD
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|P»Sz = E an(xiazj_ia}\-i) \n;zL,-,N e
n=3

suun over states withv n=3, 4, ...conustituenty

The Light Front Fock State Wavefunctions
W, (x1, k11, M)

P

are boost invariant; they are independent of the hadron’s energy

and momentum P*. P
The light-cone momentum fraction

A

l

2o = . =
gt A p{
are boost invariant.

n

Intrinsic heavy quarks  u(z) # d(z)
Mueller: BFKL DYNAMICS s(x) # s(x)
BNL AdS/QCD
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Light Antiquark Flavor Asymme‘l'r'y‘

I(x)/u 015 <z < 0.
Naive Assumption d(x)/u(x) for 0.015 <z <0.35

from gluon splitting: 2:25
- B ES66
B 2 F —A— A NASI]
d(x) = u(x) -
175 MRS12
CTEQ4m
15 F CTEQ6
125 -
® E866/NuSea (Drell-Yan) SR £
0.75 F \/
0.5 F
0.25 F E866 Systematic Error
O:TTII||I|||||||||%|M\s!ailli"4|="'-

0 0.1 0.2 0.3 0.4 0.5 0.6
X
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u B luudcc > Fluctuation in Proton

/ \ R %{aé . QCD: Probability ~* Ageo
BA -~ R .. : :
P, | C, leTe” ¢~ > Fluctuation in Positroniumn
— G . *12 ~\ITle 4
\ Iy BG QED: Probability (Z—;)
/B d
G OPE derivation - M.Polyakov et al.
G3, F4
< pIm—%lp > vs. < plﬁ?lp > c¢ in Color Octet
. . . . g . m | ;
Distribut ks at equal rapidity (velocit
istribution peaks at equal rapidity (v y) Z m;

Therefore heavy particles carry the largest mo-

mentum fractions
High v charm/

Hoyer, Peterson, Sakai, sjb
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Hoyer, Peterson, Sakai, sjb

Intrinsic Heowvy-Quawk Fock States
g

* Rigorous prediction of QCD, OPE s —
G

,
|

d
e (Color - Octet + Color - Octet Fock State! .05 G

8711A82

1

* Probability Fpg M—é Pocoag ~ O‘EPQ@

* Large Effect at high x

* Greatly increases kinematics of colliders such as Higgs production

(Kopeliovich, Schmidt, Soffer, sjb)

* Severely underestimated in conventional parameterizations of
heavy quark distributions (Pumplin, Tung)

* Many empirical tests

BNL AdS/QCD
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Measure cx) invDeep Inelastic
Lepton-Protor Scaltering

0

Q./*
"\

R
- _ c

} G

\/ &
1-2005
8711A83

Hoyer, Peterson, SJB
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10‘1; ¢ ' ‘ N Meosuwrement of Chawrmy
" 1 Structuwre Function

J. J. Aubert et al. [European Muon Collaboration], “Pro-
1 duction Of Charmed Particles In 250-Gev Mu+ - Iron In-
teractions,” Nucl. Phys. B 213, 31 (1983).

First Evidence for
Intrinsic Charm

ATRTTITS D T
',n ""‘ . > T
./-, .'."'- : 3 -
\/- / r."..
3 [ 7 / o
0= ;o PGF g /
" Sy \ >

0
!
I 4
oy N _
T
L] /\ —\
I . > C
i ,_f ', 1C PGQF \ > u c
i \ - > u
!' - > d
TR 1 1 ! !
00 01 0.2 03 0.4

X
DGLAP / Photon-Gluon Fusion: factor of 30 too small

BNL AdS/QCD
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e EMC data: ¢(z, Q%) > 30 x DGLAP
Q2 =75 GeV?, £ = 0.42

e High

e High

e High

e High

e High

BNL
November 20, 2007

rp pp — J/ /X
rp pp — J/PJ/PX
rp pp — NeX

rp pp — N X

rp pp — =(ced) X (SELEX)

AdS/QCD
24
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Weak Exclusive Decay Q

(D[JT(0)|B) a _
v
B — B
Exact Formula!
Hwang, SJB 7 0 D J
v 5 A4
+ B d
Z E >d > > \C_ =
n W DT 5O DT
Y, 9 P, Wno g Y,

Annihilation amplitude needed for Lorentz Invariance

Now-perturbative complication from IC Fock states!

BNL AdS/QCD
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Hadronigation at the Amplitude Level

e

Event amplitude 5 5 S R

Construct helicity amplitude using Light-Front
Perturbation theory; coalesce quarks via LFWF's

BNL AdS/QCD

November 20, 2007 206

Stan Brodsky, SLAC

26



Light-Front Wawvefunctions

Fixed T=t+ z/c

o PT, 2P| +k|;
> xi =1

> ki ;=0

Wi (@i, k14 Ai)
Inwowiant under boosty! Independent of P

BNL AdS/QCD
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BNL
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5-Dimensional
Anti-de Sitter
Spacetime

AdS/QCD
28

Confinement
Radius

AdS
Boundary

4-Dimensional
Flat Spacetime
(hologram)

Stan Brodsky, SLAC
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Ad/S/CFT HOW@M Modd/ G. de 'gjigamond

o=ct—z ACt 7‘=t—|—z/c

<N

The front form

3 -dimensional photograph
8 mesow LFWF at fixed LF Time

BNL AdS/QCD
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Prediction from AdS/CFT: Mesonw LFWF
T

0.40.2
.8 0.6

0.2
0.15!
“Soft Wall”
, model
Y (T, kT) 0.1
0.05¢ =
IS
R
0
5 de Teramond, sjb
kJ_ (GeV) :.Q.

ér(e, Qo) o< /o (1 — x)

N BNL AdS/QCD Stan Brodsky, SLAC
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Conformad Theories are irwoawrioant under the
Poincowe and conformal tronsformations with

M~AY PE D, KF,
the generators of SO(4,2)

SO(4,2) has a mathematical representation on AdS;5

31



Scale Transformations

e Isomorphism of SO(4,2) of conformal QCD with the group of isometries of AdS space

R2 wwowrtont measure

ds* (Nudztdz” — dz?),—=——-——"

T2
xt — Axt, z — Az, maps scale transformations into the holographic coordinate z.
e AdS mode in 2 is the extension of the hadron wf into the fifth dimension.
e Different values of z correspond to different scales at which the hadron is examined.
2 = N2, 2> Az
2

Tr° = LUMQZM: invariant separation between quarks

e The AdS boundary at z — 0 correspond to the () — o0, UV zero separation limit.

BNL AdS/QCD
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BNL AdS/QCD
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5-Dimensional Confinement
~—— Anti-de Sitter Radius

\ Spacetime

AdS
Boundary

N 4-Dimensional
— Flat Spacetime
(hologram)

B8-2007
BEBSA14

e Truncated AdS/CFT (Hard-Wall) model: cut-off at zp = 1/AQCD breaks conformal invariance and
allows the introduction of the QCD scale (Hard-Wall Model) Polchinski and Strassler (2001).

e Smooth cutoff: introduction of a background dilaton field gp(z) — usual linear Regge dependence can
be obtained (Soft-Wall Model) Karch, Katz, Son and Stephanov (2006).

We will consider both holographic models

BNL AdS/QCD
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AdS / C FT Anti-de Sitter Space / Conformal Field Theory
Maldacena:

Map AdSs X S5 to-conformal N=4 SUSY

°* QCD is not conformal; however, it has
manifestations of a scale-invariant theory:
Bjorken scaling, dimensional counting for hard
exclusive processes

o Conformal window: «s(Q?) ~ const at small Q-

» Use mathematical mapping of the conformal
group SO(4,2) to AdS5 space

BNL AdS/QCD
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Conformal QCD Window in Exclusive Processes

e Does ag develop an IR fixed point? Dyson—Schwinger Equation Alkofer, Fischer, LLanes-Estrada,

Deur...

e Recent lattice simulations: evidence that g becomes constant and is not small in the infrared
Furui and Nakajima, hep-lat/0612009 (Green dashed curve: DSE).

BNL
November 20, 2007

N

N

**\£§ : iﬁ&;m '

—04020 02040608 1
Log 10[g(GeV) ]

AdS/QCD

- Stan Brodsky, SLAC
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IR Fired-Point for QCD?

e Dyson-§ (‘J’I/WWng@V A de/yyvy QCD Coupling has IR Fixed Point
o Etvidence from Lattice Gauge Theory

* Define coupling from observable: indications of IR
fixed point for QCD effective charges

* Confined or massive gluons: Decoupling of QCD vacuum

polarization at small Q2 S Genit

NnQ2) — 1%‘7”% Q2 << 4m2 e O ...........

e Justifies application of AdS/CFT in strong-coupling ¢
conformal window

BNL AdS/QCD
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Deur, Korsch, et al: Effective Charge from Bjorken Sum Rule

—MN Oégl 2
r;"(Q2) = 1 — 2]

,\ti A o Jf/TJLab Burkert-Ioffe
Qi > L N a, /T world data ---=-- GDH constraint
< Ko p/T 1 pOCD evol. eq.
¥V o /mnOPAL
1 e
0.9 - .
I A

0.8

07 L l.m,’."

06 ' i

0.5

0.2

0.1 -
0.09 \
0.08 t \

0.07 | ¥ | %
0.06 |
0.05 Lt e
10 1 16
! _ o . Q(GeV)
BNL AdS/QCD Stan Brodsky, SLAC
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Covnstituent Counting Rules

F'(cm)  s=E2,

do _
A \,Q/ ¢ x(st)= slntot—2]

Frr(Q?) ~ [ &)1

ntot = nA +npg+nc+np
Farrar & sjb; Matveev, Muradyan,

Fixed t/s or cosfem Tavkhelidze

Conformal symmetry and PQCD predict leading-twist
scaling behawvior of fixed-CM angle exclusive amplitudes

Chawacteristic scale of QCD: 300 MeV

Moy new J-PARC, GSI, J-Lab,; Belle, Babow tests

BNL AdS/QCD

November 20, 2007 42

Stan Brodsky, SLAC

42



Leading-Twist PQCD Factorigatiow for
form factors, exclusive O(/WLPMOLOL%/ Lepage, sjb
q

baryon distribution.
amplitude

M= ”dxidyiqﬁF(ib’i,Q)XTH(%%Q)ECM(%Q)

s If as(Q?) ~ constant

Q*F1(Q?%) ~ constant

,71~1/Q

BNL AdS/QCD
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Hadvron Distribution Amplitudes

. Lepage, sjb
. kL <Q?
¢H (QCZ ; Q)
2 %= -
- Fixed T =t 4 z/c
* Fundamental gauge invariant non-perturbative input to
hard exclusive processes, heavy hadron decays. Defined
for Mesons, Baryons
* Evolution Equations from PQCD, | R
. Frishman, Lepage, Sachrajda, sjb
OPE, Conformal Invariance Peskin Braun

E fremov, Radyushkin Chernyak etal

* Compute from valence light-front Wavefugction in
hght-cone gauge ¢M (ZU, Q) _ / dQE wqq(x’ EJ_)

BNL AdS/QCD
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Leading-Twist PQCD Factorigatiow for
form factors, exclusive O(/WLPMOLOL%/ Lepage, sjb
q

baryon distribution.
amplitude

M= ”dxidyiqﬁF(ib’i,Q)XTH(%%Q)ECM(%Q)

s If as(Q?) ~ constant

Q*F1(Q?%) ~ constant

,71~1/Q

BNL AdS/QCD
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Features of Howd Exclusive

Processes v PQCD
Lepage, sjb; Duncan, Mueller

Factorization of perturbative hard scattering subprocess
amplitude and nonperturbative distribution amplitudes M = | T X M¢;

Dimensional counting rules reflect conformal invariance: J\f ~ %
o« e . . H . H

Hadron helicity conservation: . ... ; AT =Y tinal )\j

Color transparency Mueller, sjb;

Hidden color  Ji, Lepage, sjb;

Evolution of Distribution Amplitudes Lepage, sjb; Efremov, Radyushkin

BNL AdS/QCD
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o
©
P
m‘ ]

QFF(Q?) [Gevl ©°-8
F(QY) ~ [1/Q)", n=3

5 10 15 20 25 30 35
2 2
Q [GeV ] From: M. Diehl et al. Eur. Phys. J. C 39, 1 (2005).

e Phenomenological success of dimensional scaling laws for exclusive processes
-2
do/dt ~1/s""“ n=ns+ng+nc+np,

implies QCD is a strongly coupled conformal theory at moderate but not asymptotic energies
Farrar and sjb (1973); Matveev et al. (1973).

e Derivation of counting rules for gauge theories with mass gap dual to string theories in warped space
(hard behavior instead of soft behavior characteristic of strings) Polchinski and Strassler (2001).

BNL AdS/QCD
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Conformal behavior: Q2F;(Q?) — const

N’G 0'8 B CERN n-e scattering QCD S Rul
<~ | + CERNmescattering ... um Rules (Nesterenko, 1982)
% * DESY (Ackermann) pQCD (Bakulev et al, 2004)
g | ¢ DESY (Brauel) —— BSE-DSE (Maris and Tandy, 2000)
LLI: 0 6 @ JLab (Tadevosyan) ---- Disp. Rel. (Geshkenbein, 2000)
NO - B this work

0.4

0.2

0 ! | ! | ! | ! | ! | ! | !

| |
0 05 1 15 2 25 3 35 4
Q? (GeV/c)?

Determination of the Charged Pion Form Factor at
Q2=1.60 and 2.45 (GeV/c)2.

By Fpi2 Collaboration (T. Horn et al.). Jul 2006. 4pp.
e-Print Archive: nucl-ex/0607005

BNL AdS/QCD
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http://www.slac.stanford.edu/spires/find/hep/wwwauthors?key=6795242
http://www.slac.stanford.edu/spires/find/hep/wwwauthors?key=6795242

s’do/dt (10°GeV™ nb/GeV?)

Test of PQCD Scaling

Covutituent counting rules

Farrar, sjb; Muradyan, Matveey, Tavkelidze

. * JLab E94-104
YpoER A iﬂ"é‘e?tsﬁh‘l? 3)1976) 7 +
= Clifftetal (1975 s'do/dt(yp — n'"n) ~ const
? Y Data taken Before 1670 fixed O¢yy scaling
— SAID (2002)
- MAID (2001)
. } PQCD and AdS/CFT:
sha—249(A+ B — C+D) =
2 o FA+B—>C+D(6CM)
Hcm — 90
7d
1 s g O(Yp_>7'3+ ) = F(Bcum)
P s My =14+34+24+3=9
"t 15 2 25 3 35 4 No sign of running coupling
Vs (GeV)
Conformald ivwawiance
BNL AdS/QCD
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Quawk-Cownting : 99 (pp — pp) = F(f%M)

n=4x3-2=10

Best FiX

n=9.7+0.5

Reflects
underlying
conformal

scale-free
interactions

P.V. LANDSHOFF and J.C. POLKINGHORNE

1 1 ] 1 1 LI L) I _r 1 | I T 11 I 1 Li T T 17
10730+ J10730
° 68°
109 |- g0° 75 oo
10732 1107
10-33} 10733
Cm?

% 10734
10730 8
1073 103

-32| 4032
103} 10
10-31. ] L1 111 1 Lol 1 11 | | I I I | 10—34

S-» 15 20 3040 60 80 s—» 15 20 30 40 60 80 s—»15 20 30 40 60 80
Gel/?
BNL AdS/QCD

November 20, 2007 51

Stan Brodsky, SLAC

51



* Polchinski & Strassler: AAS/CFT builds in conformal symmetry at
short distances; counting rules for form factors and hard exclusive
processes; non-perturbative derivation

* Goal: Use AdS/CFT to provide an approximate model of hadron
structure with confinement at large distances, conformal behavior
at short distances

* deTeramond, sjb: AdS/QCD Holographic Model: Initial “semi-
classical” approximation to QCD. Predict light-quark hadron
spectroscopy, form factors.

e Karch, Katz, Son, Stephanov: Linear Confinement

* Mapping of AdS amplitudes to 3+ 1 Light-Front equations,
wavefunctions

* Use AdS/CFT wavefunctions as expansion basis for diagonalizing
HLFqcp ; variational methods

BNL AdS/QCD
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AdS/CFT

e Use mapping of conformal group SO(4,2) to AdSs

® Scale Transformations represented by wavefunction (z)
in §th dimension 22 — X%z z— Az
* Hard wall model: Confinement at large distances and

conformal symmetry in interior 0<z2< 2

e Match solutions at small z to conformal dimension of
hadron wavefunction at short distances (2) ~ 22 at z — 0

* Truncated space simulates “bag” boundary conditions

- 1
¢(ZO) =0 <0 — AoCD

BNL AdS/QCD
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Bosonic Solutions: Hovrd Wall Models

Conformal metric: ds? = ggpdztdz™. x* = (x*,

Action for massive scalar modes on AdS; 4 1:

Z), 9em —

(R2/z2) Nem, -

1
S[P| = = /ddﬂa: g3 [gemﬁgq)(?mq) — /L2(I)2} , /9 — (R/2)*

2

Equation of motion

1

\/* amé (f gﬁm

0

d=4

)+,u2<1>:0.

Factor out dependence along x#-coordinates , ® p(, z) = e *F'% ®(2), P, PF = M?:

[z283 —

Solution: ®(z) — 2~ as z — 0,

Oz, 2)
A=2+L

BNL
November 20, 2007

= C’ngA_% (2M),
d=4
AdS/QCD

54

(d—1)20, + 2°M? —

A =

(uR)?

(LR)?] ®(z) = 0.

%<d+ \/d2+4u2R2) .

= L° 4

Stan Brodsky, SLAC
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Let ®(z) = 23/2¢(2)
AdS Schwodinger Equatiow for bound state
of two- scalow covustituenty:

[— &+ V(2)]6(2) = M26(2)

_ 2 Interpret L
V (Z ) p— 1 4%1 as orbital angular
47 momentum

Derived fromv vawiation of Actionw invAdSs
Howrd wall model: truncated space

b(z =129 = 3,) =0.

BNL AdS/QCD
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Match fall-off at small = to conformal twist-dimension.
at short distances fwist,

e Pseudoscalar mesons: Doy 1= ¢y5Dyy, ... Dy 10 (P, =0gauge). A =2+ L

e 4-d mass spectrum from boundary conditions on the normalizable string modes at z = 2z,

®(x, z,) = 0, given by the zeros of Bessel functions 3, k: Ma.r = BarxAocD

e Normalizable AdS modes ®(2)

D(2)
0
ol i
ZA
1} \ . 2 .
0 : AR R B 4 . R0,
.0 1 2 3T ¢, 0 1 2 3 4
Z ZO — /\ Z
QCD

S = (0 Meson orbital and radial AdS modes for Agcep = 0.32 GeV.

BNL AdS/QCD
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I I I 4 T T T T T T T
3 _
2 -
?(2)
o(2) 2| I 0
1 B oL
0 | ) | ) | ) -4 | | | | | | |
o 0 1 2 3 4 22007 0 1 2 3 4
8721A18 z 8721A19 z

Fig: Orbital and radial AdS modes in the hard wall model for AQCD =0.32 GeV..

T | T
f, (2050)
S p— 1 a, (2040)
— 4 b (1700)
> p5 (1690)
3 a, (1450)
= a, (1320)
Al
S 2
)
f, (1270)
a, (1260)
O 1 | 1 |
2 4
5135529%%16 L L

Fig: Light meson and vector meson orbital spectrum Agcp = 0.32 GeV
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State I J°Y L 8§ @

m(140) 1 0~ 0 O 753 7q

b1(1235) 1 1t 1 0 —igy5 037q
m(1670) 1 2% 2 0 — G52 (30,0; — 6,;0%)17¢

p(770) 1 17 0 1 q'as7q

w(782) o0 17 0o i q'aq
a;(1260) 1 17 1 1 —iq' (@ x 0)
f2(1270) o 2Tt 1 1 —ig'[2(i0; + @;0;) — & 865]q
f1(1285) o 1t 1 1 —ig' (@ x 0)
a2(1320) 1 2 1 1 —i¢"[3(0; + ;0;) — & 5513]%?q
ap(1450) 1 0F 1 1 —igt@ - di7g

Tensor decomposition of total angular momentum interpolating operators O, [O] =24 L

BNL AdS/QCD
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Let ®(z) = 23/2¢(2)
AdS Schwodinger Eguation for bound state
of two- scalow covutituenty:

[— &+ V(2)]6(2) = M26(2)

Howrd wall model: truncated space

2 _ 1N
V(z) = -4 Ha=m=2)=0

Soft wall model: Harmonic oscillator confinement

. 2
V(z) = 15" + wiz?

Derived fromv vawiation of Actionw invAdSs

BNL AdS/QCD
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2.2007 O 4 8 2-2007
8721A20 z 8721A21 Z

Fig: Orbital and radial AdS modes in the soft wall model for k = 0.6 GeV .

[ ' [ [ ' [
@ S =0 1
—_~ 4 B —
N% n, (1670)
G |
= gl .
mt (140)
0
0 2 4
gé%%%s) L
Light meson orbital (a) and radial (b) spectrum for kK = 0.6 GeV.
BNL AdS/QCD
Q Stan Brodsky, SLAC
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Higher Spin Bosonic Modes SW

e Effective LF Schrodinger wave equation

d* 1-—4L?
a2 42 k2?4 267 (L4 S—1) | ¢s(2) = MP¢s(2)

with eigenvalues M? = 2x?(2n + 2L + S).

e Compare with Nambu string result (rotating flux tube): M?2(L) = 270 (n+ L +1/2) .

S=1

5-2006
8694A20 L

Vector mesons orbital (a) and radial (b) spectrum for k = 0.54 GeV.

|
2
n

e Glueballs in the bottom-up approach: (HW) Boschi-Filho, Braga and Carrion (2005); (SW) Colangelo,
De Facio, Jugeau and Nicotri( 2007).

BNL AdS/QCD
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M? =2k%(2n + 2L+ 9).
S=1

5-2006
8694A20 L n



o(t) 6 | [ fe], [a]
5t e [ps]
//
4 | A ag, fa
,*/‘,
3 ;HF’/W:;,%
’y’y’,y
2 1 " fa, a5
’ 1
a(t) = 5 + 0.9t

1 ,v""g‘, P, W ( ) 2 —I_

o
O !

0 1 2 3 4 5 o6 7 8

t (GeV?)
AdS/QCD Soft Wall Model -- Reproduces Linear Regge Trajectories
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Hadronic Form Factor in Space and Time-Like Regions

The form factor in AdS/QCD is the overlap of the normalizable modes dual to the incoming
and outgoing hadron ®; and ®r and the non-normalizable mode .J, dual to the external
source (hadron spin o):

> dz
F(Q2)1—>F _ R3—|—20/0 m6(3+20)A(Z)qDF(Z) J(Q,Z) (I)](Z)

s [ dz
~ R /O a5 2P(2) J(Q,2) 21(2),

J(@Q, z) has the limiting value 1 at zero momentum transfer, F'(0) = 1, and has as boundary
limit the external current, A* = '@ J(Q, z). Thus:

lim J(Q.2) = lim J(@,2) =1

Solution to the AdS Wave equation with boundary conditions at () = 0 and z — 0:

Polchinski and Strassler, hep-th/0209211; Hong, Yong and Strassler, hep-th/0409118.

BNL AdS/QCD
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Current Matrix Elements in AdS Space (HW)

e Hadronic matrix element for EM coupling with string mode ®(z*), z¢ = (z*, 2)
. 4 / * N
zg5/d rdz /g A (z,2)Ppi (2, 2) O ¢Pp(z, 2).

e Electromagnetic probe polarized along Minkowski coordinates (Q? = —¢* > 0)
Az, 2), = €, 97 J(Q,2), A, =0.
e Propagation of external current inside AdS space described by the AdS wave equation
2202 — 20, — 2°Q%] J(Q, 2) = 0,
subject to boundary conditions J(Q = 0,z2) = J(Q,z =0) = 1.
e Solution
J(Q,z) = z2QK1(2Q).

e Substitute hadronic modes ®(, z) in the AdS EM matrix element

Dp(z,2) =e T2D(2), ®(z) - 22, 2—0.

BNL AdS/QCD
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Hadron Form Factors from AdS/CFT
Propagation of external perturbation suppressed inside AdS.

J(Q,z) = 2QK1(2Q)

F(Q)r—r = | 5Pr(2)J(Q,2)®P(2)

High Q?
from 0.6l
smallz ~1/Q 0.4

Polchinski, Strassler
de Teramond, sjb

Consider a specific AdS mode ®(™ dual to an n partonic Fock state [n). At small z, ®

scales as @) ~ 227, Thus:
1 7—1  Dimensional Quark Counting Rule
QQ] : General result from
n

AdS/CFT
where 7 = A,, — 0, 05, = Zizl ;. The twist is equal to the number of partons, 7 = n.

FQY) ~ |

BNL AdS/QCD
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Current Matrix Elements in AdS Space (SW) sjp and GdT,
Grigoryan and Radyushkin

e Propagation of external current inside AdS space described by the AdS wave equation
[2282 —z(1+ 2/4:222) 0, — Q222] J(Q, z) = 0.

e Solution bulk-to-boundary propagator

J(Q, 2) = F(l + Q—Q) U( o8 0, /<;2z2> :

4 k2 4K2’

where U (a, b, ¢) is the confluent hypergeometric function

N(a)U(a, b, 2) = / e?te (1 4+ 1P~ L4t
0

e Form factor in presence of the dilaton background ¢ = K22
d
F(Q*) =R’ z_§ 6_/{222(1)(2)%1(@, 2)P(z2).

e For large Q° > 4k?
JH(Q) Z) — ZQKl(ZQ) — J(Qa Z)?
the external current decouples from the dilaton field.

BNL AdS/QCD
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Spouceluke/puowfovmfwotor ﬁ/om/Ad/S/CFT

BNL
November 20, 2007

Data Compilation from Baldini, Kloe and Volmer

Soft Wall: Harmonic Oscillator Confinement

Hard Wall: Truncated Space Confinement

One parameter - set by pion decay constant. de Teramond, sjb

See also: Radyushkin
Stan Brodsky, SLAC
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Space and Time-Like Pion Form Factor

e Hadronic string modes ®,(2) — 22 as z — 0 (twist T = 2)
oY (2) Rﬁ?ﬁ;iﬁ 2 Jo (zB01Aqep)
5V () = }\g’z 2.
e [ has analytical solution in the SW model ~ F(Q?) = %
1.0F
0.8
S 0.6
L 0.4
0.2

-2.5 -2.0 -1.5 -1.0 -0.5 0

o? (GeV?) 7o

Fig: Fir(q?) for k = 0.375 GeV and Agcp = 0.22 GeV. Continuous line: SW, dashed line: HW.
BNL AdS/QCD
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Note: Analytical Form of Hadronic Form Factor for Arbitrary Twist

e Form factor for a string mode with scaling dimension 7, ®.- in the SW model
Q2
r (1+ m)

I (T—F%)

F(Q*) =T(r)

e Fortr=N, '(N+2)=(N—-1+2)(N—-2+2)...(14+2)'(1+ 2).

e Form factor expressed as /N — 1 product of poles

1

F@) = g N=2
4K2
2
F(Q*) = <1+%)(2+%)’ e
(v - 1)
F(Q?) = (1+ﬁi)(2+ﬁi> ..(N—1+%)

e For large Q?:
27 (N—-1)
F(Q%) — (N —1)! [%] :

BNL AdS/QCD
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Light-Front Representatiov
of Two-Body Meson Form Factor

e Drell-Yan-West form factor

2 -
Zeq/ dw/cll(:ré Upi (@, kL — 2q1) Yp(z, k).

e Fourrier transform to impact parameter space I; L
Y(z, l%l) = VA4r / d2b | eibLklzZ(:U, I;L)
e Find (b = \EL\) :

1 g N ~
F(¢*) = /Odm/d%Lembi'ﬂ]zp(x,b)\? Soper

1 00
= 2%/ dx/ bdb Jy (bgx)
0 0

BNL AdS/QCD
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Holographic Mapping of AdS Modes to QCD LFWFs

e Integrate Soper formula over angles:

F(q?) = 2n /0 dz L =% / <d<Jo<<q 1”) 3z, 0),

X X

with p(x, () QCD effective transverse charge density.

e Transversality variable

e Compare AdS and QCD expressions of FFs for arbitrary () using identity:

1 1 —=x
/deJ()(CQ - )CQIQ(CQ),

the solution for J(Q, () = (QK1(CQ) !

BNL AdS/QCD

November 20, 2007 ”2
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LF(3+1) AdSs

Vb)) g (2)

C:\/x(l—x)gﬁ_ —~-— <

Pz, ) = V(1 — )¢ 2¢(¢)

Holography: Unique mapping derived from equality of LF
and AdS fornmuda for cuwrrent matrix elementy

BNL AdS/QCD
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Holography:
Map AdS/CFT to- 3+1 LF Theory

Relativistic LF radial equation Frame Independent

— &+ V(] 60 = M0

G. de Teramond, sjb

(2 =x(1 - x)bi

(1—-=)

Effective conformal 1 — 47
potential; V() = 4¢2
+K%(?  confining potential:
BNL AdS/QCD

Stan Brodsky, SLAC
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Consider the Ad.S5 metric:

ds?® = f—;(nwdx“dx” — dz?).

ds? invariant if t# — \x#, z — AZ,

Maps scale transformations to scale changes of the the holographic coordinate z.
We define light-front coordinates ¥ =20 4+ 23,

Then n*dx,dx, = drg® — dxs® — dr,? = dotde™ — dw, ?

and

ds2 — _12_22<de2 + dz2) forrT = 0. LW’FVO’V\I«-A%S Dmy

2

o ds?isinvariantif dz | 2 — A2dx | 2, and z — Az, at equal LF time.

e Maps scale transformations in transverse LF space to scale changes of the holographic coordinate z.

e Holographic connection of AdSj to the light-front.

e The effective wave equation in the two-dim transverse LF plane has the Casimir representation L?
corresponding to the SO(2) rotation group [The Casimir for SO(N) ~ SN~ lis L(L + N — 2) 1.

BNL AdS/QCD
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Light-front Hamiltonian equation

Hiplg) = M?|¢),
leads to effective LF Schrdodinger wave equation (KKSS)
d> 1—4L?
- L R 2] 0(0) = M0

with eigenvalues M? = 4x?(n + L) and eigenfunctions

2n! 22
_ 1+4L 1/24+L —r2¢?/27 L (,.2 2
=K e LY (K :
Transverse oscillator in the LF plane with SO(2) rotation subgroup has Casimir L? representing

rotations for the transverse coordinates b | in the LF.

SW model is a remarkable example of integrability to a non-conformal extension of AAS/CFT [Chim
and Zamolodchikov (1992) - Potts Model.]

BNL AdS/QCD

November 20, 2007 =0

Stan Brodsky, SLAC

76



Example: Pion LFWF

e Two parton LFWF bound state:

~ A Vol —x AGE
W (2 b)) = qcp v )JL (\/iv(l — 1) ’bLWL,k:AQCD) 0|bi < Qb

Eie)/ 55 (1l —x)

- VrJin(Brk)

~

SW —ik2z(1—z)b? 7 L, 2 2
2 L —
g/ (T, D) e Ly (k%z(1 —z)b?).
(@)
’;;i;\\\\ é\t‘,i\\
S| ST 0.2
x S
N—" (X 8!
=

\‘\\\‘\\‘&ﬁ’ N

M
‘\\“:“:’:0’: B
A b'

7-2007
8755A1

Fig: Ground state pion LFWF in impact space. (a) HW model Aqcp = 0.32 GeV, (b) SW model k£ = 0.375 GeV.
BNL AdS/QCD
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Prediction fromAdS/CFT: Meson LFWF

de Teramond, sjb

“Soft Wall”

model

k = 0.375 GeV

massless quarks

47 _ 2"“3
— K“x(l—=x
omle k) = a2 T e Qo) o e - )
BNL AdS/QCD

Stan Brodsky, SLAC
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Hadvron Distribution Amplitudes

Lepage, sjb
kT < Q?

- Fixed T =t 4 z/c

1l —=x

* Fundamental gauge invariant non-perturbative input to
hard exclusive processes, heavy hadron decays. Defined
for mesons, baryons

Lepage, sjb
* Evolution Equations from PQCD,  Frishman, Lepage, Sachrajda, sjb
OPE, Conformal Invariance Peskin Braun

E fremov, Radyushkin Chernyak etal

* Compute from valence light-front Wavefulbction in
light-cone gauge dar(z, Q) = / J27 Yoo, ];,’L)

BNL AdS/QCD
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Second Moment of Piow Distribution Amplitude
1
<& >=/1d£ &o(8)
E=1—-2x

< 52 >= 1/5 ¢asympt X 55(1 — QU)

<& >=1/4 dadas/ocp X vV x(l— )

Sachrajda Lattice: < &% >= 0.28 £ 0.02

BNL AdS/QCD
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Spouceluke/puowfovmfwotor ﬁ/om/Ad/S/CFT

Data Compilation from Baldini, Kloe and Volmer

SW: Harmonic Oscillator Confinement

HW: Truncated Space Confinement

One parameter - set by pion decay constant. de Teramond, sjb

BNL AdS/QCD
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AdS/QCD

In

Contributions to Mesons Form Factors at Large ()

Note

e Write form factor in terms of an effective partonic transverse density in impact space b |

5177 Z)7 c;?) ?

1
/ d:z:/deﬁ(
0

(z,b)|*and b = |b .

bQ(1 — )] |¢

(¢°)

T

F

with ﬁ($7 b7 Q) = mJo [

() is shifted towards small |b | | and large x — 1 as @ increases.

Y

b

e Contribution from p(x,

2R
X
%
Q

DR
%
RXR

RORERLS

CREARS
RLOXIXK
“m.“.........%%%:

8755A5

1 GeV/c, (b) very large ().

Fig: LF partonic density p(x, b, Q): (a) @

Stan Brodsky, SLAC
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Example: Evaluation of QCD Matrix Elements

e Pion decay constant f;: defined by the matrix element of EW current JJr ;

P fr
0|y 5(1 —y5)pa| ™) =14
with N \/§
1 1 <
77) = |du) = bl dl oy — Lyl ) 10)-
W—C@Z_Zl( d|%c ut ) l)

e Find light-front expression (Lepage and Brodsky '80):

2
fﬂ'_2\/NC/ dx/dkj_ wqq/ﬁaj kJ_)

1673

e Using relation between AdS modes and QCD LFWF in the ¢ — 0 limit

_ 1 372 1. 2(C)
f”_8\£R 2

e Holographic result (Aqcp =0.22 GeV and kK =0.375 GeV from pion FF data): Exp: fr =92.4 MeV

HW _ V3 sw_ V3
- A =91.7MeV, 2" =—r =81.2MeV,
/ - 8J; (Bok) Qeb = I 8
BNL AdS/QCD

Stan Brodsky, SLAC
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Diffractive Dissociation of Piow

into- Quawk Jety
E791 Ashery et al.
by ~0 (1/k; )
i _ X1 ki1
T Xo, kiz
A A 2
0
M 82kJ_¢7T(x7 kJ_)

Measwre Light-Front Wawvefunctionw of Piow

Minimal momentuwm tronster to- nucleus
Nuclews left Intact!

BNL AdS/QCD
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£791 FNAL Diffractive DiJet

b, ~0 (1/k.)
¢ X1, Kiq
|
T > (
T X2, k.L2
A A

Gunion, Frankfurt, Mueller, Strikman, sjb
Frankfurt, Miller, Strikman

Two-gluow exchange measures the second derivative of the pionw
light-front wawefunction

q
7y A»[X_'i M X aiww(% kJ_)

—?— q 02k

BNL AdS/QCD
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Key Ingredienty ivv €791 Experiment

by ~0 (1/ky)

¢ /{K 2o LS Brodsky Mueller
T < Frankfurt Miller Strikman
T X2, kiz
A A
Small colov-dipole moment pion not absorbed;
interacts withv each nuucleovw coherently
QCD COLOR Travusparency

4.-[\_?76 MA:AMN

—9— ¢ @ (rA — qqA) = A% F(7N — qqN’) F3(1)

A/
A | ! ! \/ Target left intact
= Diffraction, Rapidity gap

BNL AdS/QCD
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Colov Transparency

Bertsch, Gunion, Goldhaber, sjb
A. H. Mueller, sjb

* Fundamental test of gauge theory in hadron physics
* Small color dipole moments interact weakly in nuclei
* Complete coherence at high energies

* (Clear Demonstration of CT from Diffractive Di-Jets

BNL AdS/QCD
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Mueller, sjb; Bertsch et al;
Frankfurt, Miller, Strikman

Measwre piow LFWF in diffractive dijet production
Confurmatiow of color transparency

A-Dependence results: o x A®
k; range (GeV/c) . a (CT)
1.25 < k< 1.5 1.64 +0.06 -0.12 1.25
1.5 < k< 2.0 1.52 + 0.12 1.45
Ashery E791
2.0 < k<25 1.55 £ 0.16 1.60

a (Incoh.) = 0.70 £ 0.1

Covwentional Glauwber Theory Ruled Factor of 7
out !

BNL AdS/QCD
November 20, 2007 88 Stan Brodsky, SLAC

88



e Fully coherent interactions between pion and nucleons.

e Emerging Di-Jets do not interact with nucleus.

M(A) = A- M(N)

4o A2 g} ~ 0

dgy
o oc AY/3
225 — 450 —
. Nuclear coherence -
200 400 Nuclear coherence
175 Pt 350 C
150 & 300 £
@ 125F @ 250
[ = C c C
] = @ =
3 100 = & 200 ;_
75 L 150 -
50 - 1005
25 50 =
E—-—-—-*-:-_:-T:-H-:'*'7—77'—-——-:_}; —————————— ++— E _
5 2 T e s R LR SR SO SOu o ey e b ) it ST W NPt ] ST T
0 0.1 0.2 0.3 0.4 0 0.2 0.4 0.6 0.8
a2 (GeV/c)? q.? (GeV/c)?
BNL AdS/QCD
Q Stan Brodsky, SLAC
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E~91 Diffractive Di-Jet transverse momentum distribution

$ 40 Two Components
3 ' ,
“ 104 — Gaussian High Transverse ek
’ momentuwm dependence k™
7 consistent witihv PQCD,
103 ERBL Evolution
7 Gaussionv component similowr
102 \l H to-AdS/CFT HO LFWF
112 14 1.6 18 2 22 24 26 28 3
kT (GeV)
BNL AdS/QCD
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70

60

50

40

30

20

10

0

- 1255k <1.5GeV/c -
— 50
- 40—
- 30—
- 20 —
= | 10—
- L "/I I B B N L 1] 0 ==l
0 0.2 0.4 0.6 0.8 1 0
X

1.5k 25 GeV/c

1
Ashery E791

Nawrrowing of v distribution at higher jet tronsverse momentum

November 20, 2007

x distribution of diffractive dijets from the platinum target for 1.25 < k; < 1.5 GeV/c (left) and for
1.5 < ks <2.5GeV/c (right). The solid line is a fit to a combination of the asymptotic and CZ distribution amplitudes.
The dashed line shows the contribution from the asymptotic function and the dotted line that of the CZ function.

BNL

Possibly two components:
Nonperturbative (AdS/CFT) and

o(x) x \/:c(l — )

Perturbative (ERBL)
Evolution to asymptotic distribution

AdS/QCD
o1

Stan Brodsky, SLAC
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0 (%)

I I I | I I I | I I I | I I I | I I I
| — Linear potential(m=0.22 GeV,=0.3659 GeV) |
| -—- HO potential(m=0.25 GeV,3=0.3194 GeV) ] ¢asympt ~ CL‘(]. o ‘/'U)
i ¢as(x)~x(]-x) —/
T e X)) - |
.5 _
i s ¢(z, Qo) o< \/x(1 — z)
= (,’f/"ﬁ
050/
_ I;:’: "‘:‘_\ i Increases PQCD leading twist predictio
: |} i\ Fr(Q?) by factor 16/9
0 "::/I oo e e b e
0 0.2 0.4 0.6 0.8 1
X
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Lepage, sjb

1 1
F Q%)= JO dxcbw(X)fo dyd.(y)

C. Ji, A. Pang, D. Robertson, sjb
Choi, Ji
167Cray(Qy)
(1-x)(1—y)Q?

0.6 T

0.5 -

04 I
3

$(x, Qo) o y/z(1 — )

e — - Qbasymptotz'c x z(1l—x)

(GeV?) :
"o :
AdS/CFT:
BNL

November 20, 2007

; ' ' n Normalized to fr
Q? (GeV?)
Increases PQCD leading twist prediction for
Fr(Q?) by factor 16/9

AdS/QCD
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Higher Spin Bosonic Modes HW

e Each hadronic state of integer spin S < 2 is dual to a normalizable string mode

—iP-
P(x, 2) iy popg = €papn-ng € - Ps(2).
with four-momentum Pu and spin polarization indices along the 3+1 physical coordinates.

e Wave equation for spin S-mode W. S. I'Yi, Phys. Lett. B 448, 218 (1999)
220 — (d+1-28)20, + 2> M*—(uR)?| @5(2) = 0,

e Solution

~ Z\% —iP.x 4
d(z)g = (E) ®(2)s = Ce P ZQJA_g(ZM) €(P) 1o pis

e We can identify the conformal dimension:

A = %(d+ V(d—29)? + 4u2R?).

e Normalization:

AL
d—2S— QCcp  dz

BNL AdS/QCD
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Bawyons ivv
Ads/CFT

Baryons in “bottom-up” approach to holographic QCD:
{GdT and SJ B (2004)}.

“Top-down” Sakai-Sugimoto model:
{ Hong, Rho, Yee and Yi (2007);
Hata, Sakai,Sugimoto, Yamato (2007)}.

BNL AdS/QCD
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e Baryons Spectrum in "bottom-up” holographic QCD
GdT and Brodsky: hep-th/0409074, hep-th/0501022.

Bawyons ivv
Ads/CFT

e Action for massive fermionic modes on AdS;1:

S, U] = /dd+1:z: VI Y(z,2) (iFEDg - ,u) U(x, z).
e Equation of motion: (iFng — ,u) U(x,z) =0

- Im d 14

[z (zn 'O, + §Fz) + ,LLR] U(z") = 0.

BNL AdS/QCD
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Bawyons

Holographic Light-Front Integrable Form and Spectrum

e In the conformal limit fermionic spin-% modes 1/(() and spin—% modes 1, (()

are two-component spinor solutions of the Dirac light-front equation

all(C)1h(C) = My (C),

where H; r = all and the operator

I+ 1
I (¢) = —i (ddg — Jg2%>,

and its adjoint HE(C ) satisfy the commutation relations

M(0.1,0)] = 255,

e Supersymmetric QM between bosonic and fermionic modes in AdS?

BNL AdS/QCD
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Note: in the Weyl representation (icv = v53)

. 0 I 0 I I 0
o — ) 6 — ) V5 =
—I 0 I 0 0 —I

Baryon: twist-dimension 3 + L (v = L + 1)
Osir =Dy, ... Dy Dy, ... Dy yb, L= 4

Solution to Dirac eigenvalue equation with UV matching boundary conditions

¥(¢) = CV/C [Tpg1(CM)ug + Jpya(CM)u_].

Baryonic modes propagating in AdS space have two components: orbital L and L + 1.

Hadronic mass spectrum determined from IR boundary conditions

Y+ (¢ =1/Aqep) =0,
given by
M:rk = By kAQeD; vk = Br+1,eAQep,
with a scale independent mass ratio.

BNL AdS/QCD
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Fig: Light baryon orbital spectrum for Agcp = 0.25 GeV in the HW model. The 56 trajectory corresponds to L

even P = -+ states, and the 70 to L. odd P = — states.
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SU®6) S L Baryon State
56 1 0 N17(939)
_|_
3 A27(1232)
70 1 1 N1 (1535) N2 (1520)
3 N1 (1650) N2 (1700) N2 (1675)
19 A3 (1620) Az (1700)
56 1 2 N37(1720) N27(1680)
) 2 1910) A27(1920) A27(1905) AT (1950)
70 1 3 N3 NI
3 3 N2~ NI (2190) N5 (2250)
_ o
13 A2 (1930) AL
+ +
56 1 4 NI N7 (2220)
5y AL A2 AL (2420)
70 I 5 N3 NLE(2600)
3 7 9— 11— 13—
3 5 3 oy W WS
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Non-Conformal Extension of Algebraic Structure (Soft Wall Model)

e We write the Dirac equation
(aII(¢) = M) ¥(¢) =0,

in terms of the matrix-valued operator 11

1
I, (¢) = —i < b vy 25 — %2@5) ,

dg G
and its adjoint ITT, with commutation relations

. 10)] = (25 - 262) .

e Solutions to the Dirac equation
1 _ 22
Vi(Q) ~ 22e LN (2P,
W_(C) ~ Z3HYemRRC (202

e Eigenvalues
M? =4r*(n+ v +1).
BNL AdS/QCD
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e Baryon: twist-dimension3+ L (v =L + 1)
Ostp =¢Dyy ... Dg Dy, ... Dy yb, L= 4

e Define the zero point energy (identical as in the meson case) M? — M? — 4k?:

M? =4k*(n+ L +1).

M* (GeV7)

Proton Regge Trajectory ~ = 0.49GeV
BNL AdS/QCD
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Space-Like Dirac Proton Form Factor

e Consider the spin non-flip form factors

FoQ?) = gs / a¢ J(Q, Q)+ (O

2 2
FL@) = g [ dI@QOW- (O,
where the effective charges g+ and g_ are determined from the spin-flavor structure of the theory.

e Choose the struck quark to have S* = +1/2. The two AdS solutions 14 (¢) and 1/ (() correspond
to nucleons with J* = +1/2 and —1/2.

e For SU(6) spin-flavor symmetry

FY(Q%)

[ ¢ 7@l (),
F@) = -3 [ 1@ [0+ OF - [v-(©)F].

where F7'(0) = 1, F{*(0) = 0.

BNL AdS/QCD
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e Scaling behavior for large Q%:  Q*FP(Q?) — constant | Proton 7 = 3

9-2007
8757A2 Q? (G eV2)

SW model predictions for k = 0.424 GeV. Data analysis from: M. Diehl et al. Eur. Phys. J. C 39, 1 (2005).

BNL AdS/QCD
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Dirac Neutron Form Factor
(Valence Approximation)

Truncated Space Confinement

Q4Fn (Q2> [GeV4

Q* [Gev?]

Prediction for Q4F{L(Q2) for AQcp = 0.21 GeV in the hard wall approximation. Data analysis from
Diehl (2005).

BNL AdS/QCD
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e Scaling behavior for large Q%: Q*F*(Q?) — constant | Neutron 7 = 3

0 10 20 30
9-2007
a757AT Q? (GeV?)

SW model predictions for k = 0.424 GeV. Data analysis from M. Diehl et al. Eur. Phys. J. C 39, 1 (2005).

BNL AdS/QCD
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Spacelike Paudi Form Factor

Preliminary
From overlap of L =1 and L = 0 LEWF's
2
' Harmonic Oscillator
| Confinement
- Normalized to anomalous
1.5 moment
p 2\ |
Fy(Q7) |
1t
| k = 0.49 GeV
0.5/
0 1 2 3 4 5 6
QQ(GGVQ) G. de Teramond, sjb
BNL AdS/QCD
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Holographic Connection
between LF and AdS/CFT

* Predictions for hadronic spectra, light-front
wavefunctions, interactions

* Deduce meson and baryon wavefunctions,
distribution amplitude, structure function from
holographic constraint

* Identification of Orbital Angular Momentum
Casimir for SO(2): LF Rotations

* Extension to massive quarks

BNL AdS/QCD
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String Theory

{ Mapping of Poincawre’ and
‘Adﬁ/CFT Conformal SO (4,2) symwmetiries of 3

+1 space
Goal: First Approximant to-QCD for AdSS space
oL IR AL AR Conformal behawior at short
Exclusive Scattering distonces
Regge Trajectories AdS(QCD + Confinement at lowrge
QCD at the Amplitude Level Listance

Semi-Classical QCD / Wave Equations

Holography
Boost Inwariant 3+1 Light-Front Wave Equations
J=0,1,1/2,3/2 plus L Integrable!

Hadrow Spectra, Wawvefunctions, Dynamics

BNL AdS/QCD
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AdS/CFT oand Integrability

* L. Infeld, “On a new treatment of some
eigenvalue problems”, Phys. Rev. 59, 737 (1941).

* (Generate eigenvalues and eigenfunctions using
Ladder Operators

* Apply to Covariant Light-Front Radial Dirac and
Schrodinger Equations

BNL AdS/QCD
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Algebraic Structure , Integrability and Stability Conditions (HW Model)

e If > > (the LF Hamiltonian, H r, can be written as a bilinear form

HEp(¢) =1 (OIL(QC)

in terms of the operator

and its adjoint

d L+1
HTL(C)i<dC+ —Ci_2>>

(0. 0)] = =5

with commutation relations

e For L? > ( the Hamiltonian is positive definite

& |HEg| ¢) = / d¢ L (2)[2 > 0
and thus M? > 0.

BNL AdS/QCD
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Ladder Construction of Orbital States

e Orbital excitations constructed by the L-th application of the raising operator
al = —illy

on the ground state:
CL]L|L> = CL‘L -+ 1>.

e In the light-front (-representation

L
oL(0) = (CIL) = CLvT(~ (iﬁ) Jo(CM)

G d¢
= Cp\/{JL (M)
e The solutions ¢y, are solutions of the light-front equation (L =0, +1,+2,.--)
d> 1-—L? ;
- | 96 = M0,

e Mode spectrum from boundary conditions : ¢ (¢ = 1/Aqcp) = 0.

BNL AdS/QCD
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Non-Conformal Extension of Algebraic Integrability (SW Model)

e Soft-wall model [Karch, Katz, Son and Stephanov (2006)] retain conformal AdS metrics but introduce

smooth cutoff which depends on the profile of a dilaton background field gp(z)

e Consider the generator (short-distance Coulombic and long-distance linear potential)

and its adjoint

with commutation relations

20L+1

M2(0), ()] = == —2*

e The LF Hamiltonian IV\t@g/Va/b’l@ ,

Hyp =110, + C
is positive definite (¢|Hy r|¢) > 0for L? > 0,and C' > —4k2.

e Orbital and radial excited states are constructed from the ladder operators from the L = 0 state.

BNL AdS/QCD
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L+ V(O] 6(0) = M?6(0)

de Teramond, sjb

1

T

(1—x)

(= \z(1 —2)B?  Holographic Variable

d _ ki LF Kinelic Energy inv
d¢? = z(1-x) momentuwn space

Assume LFWT s v dynamical functiow of the
quak-antiquowk wariant mass squared

d d m? | m3 k3 +m? | k2 +m3

d¢? >_dC2' x 1 —x x 1 —x

BNL AdS/QCD
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Result: Soft-Wall LFWF for massive constituenty
ky/2(1 — )

LF WF inv impact space: soft-wall model
withy maussive guowks

WﬂﬁkL) —

2 2
1 1 m m
CK —3r2z(1-2)b2 — L, { 1 1_24

@D(af;,bL):ﬁ r(l—x)e N

2= (=X

1 m? m?2
2 2 1 2
— b 1 — | |
X* = bl - 2) + — [T 4 L
BNL AdS/QCD
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k = 0.375 GeV

BNL
November 20, 2007

b[GeV ']

m, = mp = 1.25 GeV

AdS/QCD
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k = 0.375 GeV

BNL AdS/QCD

November 20, 2007 120

Stan Brodsky, SLAC

120



LF Schwodinger Equatiow for soft-wall model
withy maussive quowks

o _
i VO] (0 = M),
V() = 1;512[,2 - k42 4+ 262 (L — 1) A ”;1 | 17?25,;

z— (=X

Eigenvalue M? shifted by [>. m;]?

Consistency at Kk = 0

BNL AdS/QCD
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Use AdS/CFT ovthonormal LFWFs

(7(/3/0(/1 % ﬁ)“’/’ Z/ , Zz - ,
the QCD LF Hamiltonianw

* Good initial approximant

* Better than plane wave basis Pauli, Hornbostel, Hiller,
McCartor, sjb
* DLCQ discretization -- highly successful 1+1

* Use independent HO LFWFs, remove CM
motion Vary, Harinandrath, Maris, sjb

e Similar to Shell Model calculations

BNL AdS/QCD
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Light-Front QCD
Heisenberg Equationw

CD
HEG P |Wh) = M3 [Wy)

qqqqg

8
qqqqqg

9 10
qag99

1
qqq9 g9

12
qqaqaag

13
qqqqqdag

><
w<

FALA A | B e

-
=8

n  Sector
K, |
1 q
N 2 g9
p.s’ p.S _
3  qg

(a)

4 qdqq
p,s’ k,A
2 s |5 s

Y/

Vs —
NN ° W
kA S _

P 7 qqqdg

(b)

8 qdqqag
p,S p,S 9 g9dg

10 qdggg
_ g 11 qdqagg
k,c k,o

12 qqqqqqg

13QﬁQGQﬁQﬁ|

Use AdS/QC

BNL
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New Perspectives for QCD fromAdS/CFT

e LFWFs: Fundamental frame-independent description of
hadrons at amplitude level

* Holographic Model from AdS/CFT : Confinement at large

distances and conformal behavior at short distances

* Model for LEFEWFs, meson and baryon spectra: many
applications!

* New basis for diagonalizing Light-Front Hamiltonian

* Physics similar to MIT bag model, but covariant. No
problem with support o < x < 1.

* Quark Interchange dominant force at short distances

BNL AdS/QCD
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CIM: Blankenbecler, Gunion, sjb

Quawk Interchange Gluonw Exchange
(Spinv exchange inv atonm- (Vo der Waal - -
atom scattering) Landshoff)

do _ |M(s,t)|°
dt g2
M(t, U)interchange X # M (s, t)gluonexchange oc sF(t)

MIT Bag Model (de Taw), large Nc, (‘tHooft), AdS/CFT
all predict dominance of quark inferchange:

BNL AdS/QCD
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| I
A 77710 Gevic
10° +
O K 10 Gevi
O K™ 5 Geve

©
A
0 I
5 10
L=
s
2
o
—
10©
|
= 0
cos Bc m,
BNL AdS/QCD
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AdS/CFT explaing why
quawk interchange is
dominoant
momentuwm tronsfer
inv exclusive reactions

1
M (t,u)interchange X 712

Non-linear Regge bebavior:

ap(t) — —1

Stan Brodsky, SLAC
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Why is quark-interchange dominant over gluon
exchange?r

Example: M(KTp — K1p) u—12

Exchange of common w quark
Mo = [d2k | dz &l A

QIM 1dz Yoy p AR
Holographic model (Classical level):

Hadrons enter 5th dimension of AdSsg

Quarks travel freely within cavity as long as

separation z < zg = /\Qch

LFWEFs obey conformal symmetry producing
quark counting rules.

BNL AdS/QCD
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VOLUME 60, NUMBER 12 PHYSICAL REVIEW LETTERS 21 MARCH 1988

Comparison of Exclusive Reactions at Large ¢

B. R. Baller, @ G. C. Blazey, )y, Courant, K. J. Heller, S. Heppelmann,(C) M. L. Marshak,
E. A. Peterson, M. A. Shupe, and D. S. Wahl@
University of Minnesota, Minneapolis, Minnesota 55455

D. S. Barton, G. Bunce, A. S. Carroll, and Y. I. Makdisi
Brookhaven National Laboratory, Upton, New York 11973

and

S. Gushue® and J. J. Russell

Southeastern Massachusetts University, North Dartmouth, Massachusetts 02747
(Received 28 October 1987; revised manuscript received 3 February 1988)

Cross sections or upper limits are reported for twelve meson-baryon and two baryon-baryon reactions
for an incident momentum of 9.9 GeV/c, near 90° c.m.: nip-epn i,pp SN AV SN @b i,(AO/ZO)KO;
K*p—pK7?, p Tp— pp *. By studying the flavor dependence of the different reactions, we have been

able to isolate the quark-interchange mechanism as dominant over gluon exchange and quark-antiquark
annihilation.

ks s kT o d d k*
U
Tp—pr—, u . | S
|
Kip—"’pKi, u u l u S o
P U u p P U u A
rE¥p—pp*, d GEXx d : d ANN d
ntp—nta®, kTS s kT | 7 d d K’
+ u U | u S
rrfp—K*tz*, |
o A0 0 0g0 u u | u S Lo
np AK,ZK, P U u p ‘ P d d A
d QIN d u COM u
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A Unified Description of Hadron Structure

Elastic form factors
Parton momentum
distributions

Real Compton
scattering at high

Deeply Virtual Meson
production

Light Front Wavetunctions

BNL AdS/QCD

November 20, 2007 129

Stan Brodsky, SLAC

129



1-{-A,

XK,
/u{ 1-§-&] /1{

Light-cone wavefunction representation of deeply
virtual Compton scattering *

Stanley J. Brodsky #, Markus Diehl !, Dae Sung Hwang °

BNL AdS/QCD
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GPDs & Deeply Virtual Exclusive Processes
- New Insight into Nucleon Structure

hard vertices

X - quark momentum
fraction

&- longitudinal
momentum transfer

\/t - Fourier conjugate
to transverse impact
parameter

H(x,§,1), E(X.E,T), . .| “Generalized Parton Distributions”

Quark angular momentum (Ji sum rule)
1
J1= L J G = 4 jxdx [Hq(x,i,O) +E1 (x,i,O)]
2 2 -1 X. Ji, Phy.Rev.Lett.78,610(1997)
BNL AdS/QCD
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—Light-Front Wave Function Overlap Representation

DVCS/GPD ... ...
Diehl, Hwang, sjb, NPB596, 2001

. DGLAP
See also: Diehl, Feldmann, Jakob, Kroll region
) N
% L N 1+¢
ya
3 /
z+¢ —(Z-8)
k=F-2 k=F4 2 The W
2 2
* * ERBL
/( }\ region
_ A _ A
P=P+7 P=P-=
DGLAP
region

N=3 VALENCE QUARK => Light-cone Constituent quark model

N=5 VALENCE QUARK + QUARK SEA = Meson-Cloud model
BNL AdS/QCD
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Example of LFWF representation
of GPDs (n=>n)

Diehl,Hwang, sjb
1 Al —iA?

T—¢ M E(n—>n)(X,§at)

:( 2 nzfl—[dx{dﬂlgu 16735 1_2n:xj 52 Xn:l&,

J=1 J=1

X 0(x — xmﬁ( )(xp]_éj_l’ )W(tl)(xial_éli,ki),

where the arguments of the final-state wavefunction are given by

_ . . 1 —
Xj = xll_ ; : K =k — _xl A for the struck quark,
Xi - - X; -
xlle_l : kli:kh—l—l_l A, forthe spectatorsi =2, ..., n.
¢ ¢
BNL AdS/QCD
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Link to DIS and Elastic Form Factors

DIS at $=t=0
H(x,00)=g(x), —q(~x)
H(x,0,0)=Ag(x), Ag(—x)

\

1

Form factors (sum rules)
I dx;
j.dxz

[ax A/ (x,60)= Gy ( 1), [dxE(0,60)=Gpy( 1)

Ho(x 0] =F, (1) Dirac ££

E(c&0)] =F, (¢) Pauli £

1

/

Verified using

| B B ) LEWFs

[—— ]

e

Diehl,Hwang, sjb

1 1

2 23

Quark angular momentum (Ji’s sum rule)

Ji=——JG =~ jxdxl?iq (%,50)+ E“(x,50) |

X. Ji, Phy.Rev.Lett.78,610(1997)

BNL
November 20, 2007
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Space-time picture of DVCS P. Hoyer

*

N Y
The position of the struck quark differs by x~ in the two wave functions

Measure x- distribution from DVCS:
Take Fourier transform of skewness, £ = QQ—
the longitudinal momentum transfer e

S. J. Brodsky?, D. Chakrabarti’, A. Harindranath®, A. Mukherjee?, J. P. Vary*®/

BNL AdS/QCD
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S. J. Brodsky?, D. Chakrabarti’, A. Harindranath®, A. Mukherjee?, J. P. Vary*®/

Hadrovw Optics

— -1 ~ —
A(o,b)) = 2 [dee'257 A(g,b)) 1 _ Q2
80 J_I 2 | | | J_ O- s §¢/I; P—I_ € 2p.q

60 DVCS Amplitude using
holographic QCD meson LFWF

40 /\QC’ p = 0.32

20

0

The Fourier Spectrum of the DVCS ampli-
tude in o space for different fixed values of

b |. GeV units
BNL AdS/QCD
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Light-Front Wavefunctions

Dirac’s Front Form: Fixedt=1r+z/c

WP(x, k) -+

Invariant under boosts. Independent of pY

HZ |y >= M2 |y >

Remarkable new insights from AdS/CFT, the duality between
conformal field theory and Anti-de Sitter Space

BNL AdS/QCD
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Hadvronw Dynamics at the
Amplitude Level

* LFWFES are the universal hadronic amplitudes which
underlie structure functions, GPDs, exclusive processes,
distribution amplitudes, direct subprocesses,
hadronization.

* Relation of spin, momentum, and other distributions to
physics of the hadron itself.

* Connections between observables, orbital angular
momentum

e Role of FSI and ISIs—-Sivers effect

BNL AdS/QCD
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Some Applications of Light-Front Wavefunctions

* Exact formulae for form factors, quark and gluon distributions;
vanishing anomalous gravitational moment; edm connection to anm

* Deeply Virtual Compton Scattering, generalized parton distributions,
angular momentum sum rules

* Exclusive weak decay amplitudes

* Single spin asymmetries: Role if ISI and FSI

* Factorization theorems, DGLAP, BFKL, ERBL Evolution
* Quark interchange amplitude

* Relation of spin, momentum, and other distributions to physics of
the hadron itself.

BNL AdS/QCD
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New Perspectives on QCD
Phenomena from AdS/CFT

* AdS/CFT: Duality between string theory in Anti-de
Sitter Space and Conformal Field Theory

* New Way to Implement Conformal Symmetry

* Holographic Model: Conformal Symmetry at Short
Distances, Confinement at large distances

* Remarkable predictions for hadronic spectra,
wavefunctions, interactions

* AdS/CFT provides novel insights into the quark
structure of hadrons
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A Few References: Bottom-up-Approach

Derivation of dimensional counting rules of hard exclusive glueball scattering in AdS/CFT:
Polchinski and Strassler, hep-th/0109174.

Deep inelastic scattering in AAS/CFT:
Polchinski and Strassler, hep-th/0209211.

Unified description of the soft and hard pomeron in AdS/CFT:
Brower, Polchinski, Strassler and Tan, hep-th/0603115.

Hadron couplings and form factors in AdS/CFT:
Hong, Yoon and Strassler, hep-th/0409118.

Low lying meson spectra, chiral symmetry breaking and hadron couplings in AdS/QCD (Emphasis on
axial and vector currents)

Erlich, Katz, Son and Stephanov, hep-ph/0501128,

Da Rold and Pomarol, hep-ph/0501218, hep-ph/0510268.
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e Gluonium spectrum (top-bottom):
Csaki, Ooguri, Oz and Terning, hep-th/9806021; de Mello Kock, Jevicki, Mihailescu and Nunez,
hep-th/9806125; Csaki, Oz, Russo and Terning, hep-th/9810186; Minahan, hep-th/9811156; Brower,
Mathur and Tan, hep-th/0003115, Caceres and Nunez, hep-th/0506051.

e D3/D7 branes (top-bottom):

Karch and Katz, hep-th/0205236; Karch, Katz and Weiner, hep-th/0211107; Kruczenski, Mateos,
Myers and Winters, hep-th/0311270; Sakai and Sonnenschein, hep-th/0305049; Babington, Erd-
menger, Evans, Guralnik and Kirsch, hep-th/0312263; Nunez, Paredes and Ramallo, hep-th/0311201;
Hong, Yoon and Strassler, hep-th/0312071; hep-th/0409118; Kruczenski, Pando Zayas, Sonnen-
schein and Vaman, hep-th/0410035; Sakai and Sugimoto, hep-th/0412141; Paredes and Talavera,
hep-th/0412260; Kirsh and Vaman, hep-th/0505164; Apreda, Erdmenger and Evans, hep-th/0509219;
Casero, Paredes and Sonnenschein, hep-th/0510110.

e Other aspects of high energy scattering in warped spaces:
Giddings, hep-th/0203004; Andreev and Siegel, hep-th/0410131; Siopsis, hep-th/0503245.

e Strongly coupled quark-gluon plasma (/s = 1/4m):
Policastro, Son and Starinets, hep-th/0104066; Kang and Nastase, hep-th/0410173 ...
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e Counting rules, low lying meson and baryon spectra and form factors in AAS/CFT, holographic light
front representation and mapping of string amplitudes to light-front wavefunctions, integrability and
stability of AAS/CFT equations (Emphasis on hadronic quark constituents)

Brodsky and GdT, hep-th/0310227, hep-th/0409074, hep-th/0501022, hep-ph/0602252, 0707.3859
[hep-ph], 0709.2072 [hep-ph].
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. “Light-Front Dynamics and AdS/QCD: The Pion Form Factor in the Space- and Time-
Like Regions”
S. J. Brodsky and G. F. de Teramond
arXiv:0707.3859 [hep-ph]
SLAC-PUB-12554(2007) (Submitted to Phys.Rev.D)

. “AdS/CFT and QCD”
S. J. Brodsky and G. F. de Teramond
arXiv:hep-th /0702205
SLAC-PUB-12361(2007)
Invited talk at 2006 International Workshop on the Origin of Mass and Strong Coupling Gauge Theories
(SCGT 06), Nagoya, Japan, 21-24 Nov 2006

. “Hadronic spectra and light-front wavefunctions in holographic QCD”
S. J. Brodsky and G. F. de Teramond
Phys. Rev. Lett. 96, 201601 (2006) [arXiv:hep-ph/0602252]

. “Advances in light-front quantization and new perspectives for QCD from AdS/CFT”
S. J. Brodsky and G. F. de Teramond
Nucl. Phys. Proc. Suppl. 161, 34 (2006)
Invited talk at Workshop on Light-Cone QCD and Nonperturbative Hadron Physics 2005 (LC 2005),
Cairns, Queensland, Australia, 7-15 Jul 2005

. “Hadron spectroscopy and wavefunctions in QCD and the AdS/CFT correspondence”
S. J. Brodsky and G. F. de Teramond
ATIP Conf. Proc. 814, 108 (2006) [arXiv:hep-ph/0510240]
Invited talk at 11th International Conference on Hadron Spectroscopy (Hadron05), Rio de Janeiro,
Brazil, 21-26 Aug 2005

BNL AdS/QCD

November 20, 2007 144

Stan Brodsky, SLAC

144



6. “Applications of AdS/CFT duality to QCD”
S. J. Brodsky and G. F. de Teramond
Int. J. Mod. Phys. A 21, 762 (2006) [arXiv:hep-ph/0509269]
Invited talk at International Conference on QQCD and Hadronic Physics, Beijing, China, 16-20 Jun
2005

7. “Nearly conformal QCD and AdS/CFT”
G. F. de Teramond and S. J. Brodsky
arXiv:hep-ph /0507273
SLAC-PUB-11375(2005)
Presented at 1st Workshop on Quark-Hadron Duality and the Transition to pQCD, Frascati, Rome,
Italy, 6-8 Jun 2005

8. “The hadronic spectrum of a holographic dual of QCD”
G. F. de Teramond and S. J. Brodsky
Phys. Rev. Lett. 94, 201601 (2005) [arXiv:hep-th/0501022]

9. “Baryonic states in QCD from gauge / string duality at large N(c)”
G. F. de Teramond and S. J. Brodsky
arXiv:hep-th /0409074
SLAC-PUB-10693(2004)
Presented at ECT* Workshop on Large Nec QCD 2004, Trento, Italy, 5-9 Jul 2004

10. “Light-front hadron dynamics and AdS/CFT correspondence”
S. J. Brodsky and G. F. de Teramond
Phys. Lett. B 582, 211 (2004) |[arXiv:hep-th/0310227]
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