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Abstract
We review the theoretical background, experimental techniques, and
phenomenology of what is known in relativistic heavy ion physics
as the Glauber model, which is used to calculate geometric quan-
tities. A brief history of the original Glauber model is presented,
with emphasis on its development into the purely classical, geo-
metric picture used for present-day data analyses. Distinctions are
made between the optical limit and Monte Carlo approaches, which
are often used interchangeably but have some essential differences
in particular contexts. The methods used by the four RHIC ex-
periments are compared and contrasted, although the end results
are reassuringly similar for the various geometric observables. Fi-
nally, several important RHIC measurements are highlighted that
rely on geometric quantities, estimated from Glauber calculations,
to draw insight from experimental observables. The status and fu-
ture of Glauber modeling in the next generation of heavy ion physics
studies is briefly discussed.
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In relativistic heavy-ion collisions, anisotropic collective flow is driven, event by event, by the initial
eccentricity of the matter created in the nuclear overlap zone. Interpretation of the anisotropic flow
data thus requires a detailed understanding of the effective initial source eccentricity of the event
sample. In this paper, we investigate various ways of defining this effective eccentricity using the
Monte Carlo Glauber (MCG) approach. In particular, we examine the participant eccentricity,
which quantifies the eccentricity of the initial source shape by the major axes of the ellipse formed
by the interaction points of the participating nucleons. We show that reasonable variation of the
density parameters in the Glauber calculation, as well as variations in how matter production is
modeled, do not significantly modify the already established behavior of the participant eccentricity
as a function of collision centrality. Focusing on event-by-event fluctuations and correlations of the
distributions of participating nucleons we demonstrate that, depending on the achieved event-plane
resolution, fluctuations in the elliptic flow magnitude v2 lead to most measurements being sensitive
to the root-mean-square, rather than the mean of the v2 distribution. Neglecting correlations
among participants, we derive analytical expressions for the participant eccentricity cumulants as
a function of the number of participating nucleons, Npart, keeping non-negligible contributions up
to O

`
1/N3

part

´
. We find that the derived expressions yield the same results as obtained from mixed-

event MCG calculations which remove the correlations stemming from the nuclear collision process.
Most importantly, we conclude from the comparison with MCG calculations that the fourth order
participant eccentricity cumulant does not approach the spatial anisotropy obtained assuming a
smooth nuclear matter distribution. In particular, for the Cu + Cu system, these quantities deviate
from each other by almost a factor of two over a wide range in centrality. This deviation reflects
the essential role of participant spatial correlations in the interaction of two nuclei.

I. INTRODUCTION

One of the strongest pieces of evidence for the for-
mation of a thermalized dense state of unconventional
strongly interacting matter in ultra-relativistic nucleus-
nucleus collisions at the Relativistic Heavy Ion Col-
lider (RHIC) [1–4] stems from the strong anisotropic col-
lective flow measured in non-central collision events [5–
12]. Studies of the final charged particle momentum dis-
tributions have revealed strong collective effects in the
form of anisotropies in the azimuthal distribution trans-
verse to the direction of the colliding nuclei, and theory
holds that their anisotropy around the beam axis in non-
central collisions is established during the earliest stages
of the evolution of the collision fireball [13–16]. The main
component of this anisotropy is called “elliptic flow” and
its strength is commonly quantified by the second coeffi-

cient, v2, in the Fourier decomposition of the azimuthal
momentum distribution of observed particles relative to
the reaction plane [17].

By now there exists an extensive data set of elliptic
flow measurements in Au + Au collisions at RHIC as
a function of center-of-mass energy, centrality, pseudo-
rapidity and transverse momentum [5–12]. The mag-
nitude of the observed flow anisotropy is found to be
strongly correlated with the anisotropic shape of the ini-
tial nuclear overlap region. This is expected if inter-
actions among the initially produced particles are very
strong, leading to anisotropic pressure gradients, which
transform the initial spatial eccentricity into a final mo-
mentum anisotropy [18].

Quantitatively, the connection between initial spatial
and final momentum anisotropy is explored by hydrody-
namical calculations that, for a given equation of state,

Phys. Rev. C 77, 014906 (2008)



Two Kinds of Glauber Models

Where is the matter? (Participant Eccentricity)

Correlations & Fluctuations



What is a Nucleus?

A bound state of nucleons, with positions chosen
according to the Fermi distribution



What is a Nucleus?

An average density distribution of nucleon positions



Nuclear Distributions

Distributed according to a Fermi distribution
(or Hulthen, for d+Au)
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Optical Limit Approach
a

Side view

b

Beam-line view

Projectile B Target A

s–b

s–b

s sb

b

z

B

A

SteinbergFig03.pdf   4/5/07   3:01:08 PM

σAB =

∫

d
2
b
{

1 − [1 − σ
NN
inelTAB(b)]AB

}

everything based on smooth, averaged densities
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Take it from the top

A bound state of nucleons, with positions chosen
according to the Fermi distribution



Glauber Monte Carlo 
a
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Effect on Total Cross Section
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Total cross section systematically larger in 
optical approach
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“Eclipsing”

a)

b)

σa > σb



Optical vs. Glauber
•Not a purely academic question

•Nuclear configuration can shift 
event to event, which is how we do 
physics at RHIC (e.g. v2)

•Our techniques for estimating the 
geometry should accomodate this

we average measurements, not vice versa!



Optical vs. MC
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Generically, ignoring fluctuations leads to
underestimating Npart in peripheral events
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Effect on Observables
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Interpretation of data can be changed by using
different (i.e. wrong) Glauber approach
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Role of Glauber @ Early Times
•The inelastic cross section shows 

that Glauber matters as to whether 
anything happens at all!
• Do CGC-shadowed calculations give σtot?

•It can also give us a hint as to how 
and where matter was produced



SLP Approach

If total entropy is linear with Npart,
let us also assume that the matter is created

where the soft interactions occur.

If it thermalizes suddenly, then this is the initial state
for hydrodynamic evolution

Sudden Localized Participant Approach



SPLAT
Sources are Participants, Localized At Thermalization
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Total produced entropy
scales linearly with Npart

No information on
where matter was created
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Eccentricity
Overlap zone where matter
thermalizes has a particular

“shape” vs. impact parameter

v2 ∝ ε

Generically, hydro predicts complete transfer of
spatial anisotropy into momentum anisotropy!

ε

εstd =
σ

2
y − σ

2
x

σ
2
y + σ

2
x

x

y

Hydro is sensitive to where the matter was (and not what!)



Hydro @ RHIC
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Near-Perfect
Fluid?

The Edge of Liquidity

Energy

Rapidity

Geometry

Thermalization
Time

Longitudinal
Dynamics

Length scale

DataTheory



“Scaling Behavior”
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Near-Perfect
Fluid?

Rapidity

Geometry

Thermalization
Time

Longitudinal
Dynamics

Length scale

DataTheory

Is this hydrodynamic equilibration, or just the 
approach to it?  In any case, it seems to be universal

Energy



Does v2 follow ε?

PHOBOS QM2006 R. Nouicer

Au+Au 
Cu+Cu

v2 does not go to zero when eccentricity should (b~0)



Something wrong...

PHOBOS QM2006 R. Nouicer

Au+Au 
Cu+Cu



Eccentricity Fluctuations

Optical limit

Glauber Monte Carlo

We know nuclei are made of nucleons,
Why “insist” that an average density

matters for flow measurements?  

participants



Au+Au



Au+Au

Participants trace out overlap zone, but include
1. Fluctuations (finite number per event)
2. Correlations (it takes two to tango...)

(NB: these are snapshots of nucleon configurations, not stable nuclear states!)



Cu+Cu



Cu+Cu

Fluctuations can seriously deviate from nominal overlap
zone for small numbers of nucleons



Cu+Cu

similar to “Standard eccentricity”
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Cu+Cu
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Principal axes make sense if v2 depends on shape
of produced matter (in SLP), not the reaction plane

“Participant eccentricity”



Participant vs. Standard

nucl-ex/0610037
Phys.Rev.Lett.98:242302,2007.

“Signature”



Something wrong...

PHOBOS QM2006 R. Nouicer

Au+Au 
Cu+Cu



...leads to scaling

PHOBOS QM2006 R. Nouicer

Au+Au 
Cu+Cu



vs. Areal Density

statistical errors only

PHOBOS QM2006



Transverse Momentum

Choose two bins with same Npart (~same density)

PHOBOS QM2006 R. Nouicer



Transverse Momentum

Unity of geometry, system, energy, pT

at same Npart

PHOBOS QM2006 R. Nouicer



“Freeze-in”

Configuration established early and preserved:
substantial viscosity would 

generate new entropy due to inhomogeneities
under different geometric conditions



Near-Perfect
Fluid?

Energy

Rapidity

Geometry

Thermalization
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Longitudinal
Dynamics
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DataTheory

Data suggests geometry is “frozen in” immediately (SLP)



Digging Deeper

Initial success of participant eccentricity
raised many questions:

1. Robustness to nuclear density variations
2. Robustness to particle production model
3. Role of “correlations”



Glauber Parameters
Cu+Cu Au+Au
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Nuclear radius (R)
Skin depth (a)
NN cross section (σNN)
Minimal distance (d)



Glauber Parameters
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Matter Deposition
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Participants vs. Collisions
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Correlations & Fluctuations

•Something only accessible with 
MC Glauber
• Effect of fluctuations on v2 estimation

• Corrected eccentricity scaling of v2

• Cumulants and correlations of nucleons



Cumulants of ε
•Basic intuition:
• if v2 α ε , and v2 is estimated by correlating n 

particles, then one is really measuring a higher 
moment of v2 and thus the eccentricity

•Cumulants are more natural 

v2{n} ∼〈 ε
n〉1/n

ε {2}2 ≡ 〈ε2〉 ε {4}4 ≡ 2〈ε2〉2 − 〈ε4〉
Order of ε cumulant should match order of v2 cumulant



Miller & Snellings
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FIG. 2: a) Contour plot of the calculated eccentricity in a
Monte Carlo Glauber model versus the impact parameter, b,
in Au+Au collisions. The mean value of the eccentricity is
indicated by the dashed curve. b) The mean eccentricity 〈ε〉
(dashed curve) and the corresponding 〈εn〉1/n for n = 2, 4
and 6 (points) versus impact parameter b.

The STAR collaboration [17] found a negligible bias on
the extracted v2 due to these binning effects, except in
the most central bin.

To estimate the possible effect of the fluctuations on
the measured elliptic flow values we calculate the fluctu-
ations in the initial spatial anisotropy of the created sys-
tem using a Monte Carlo Glauber model (MCG). This
anisotropy, which generates the elliptic flow, is given
by [2, 3]:

ε ≡

∑

y′2
i −

∑

x′2
i

∑

y′2
i +

∑

x′2
i

, (3)

where x′

i and y′

i are the coordinates of the constituents
in the plane perpendicular to the beam and x′ is in the
reaction plane (see Fig. 1). Due to the relation between
the initial spatial anisotropy and the elliptic flow, v2 ∝
ε [2, 3, 18], fluctuations in ε will lead to fluctuations in v2.
It should be noted that this is only one specific example
of fluctuations which could contribute to the measured
value of v2.

The MCG approach allows for an event-by-event cal-
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FIG. 3: Eccentricity cumulants calculated for Au+Au colli-
sions in a Monte Carlo Glauber model compared to 〈ε〉 as a
function of centrality (from left to right is from central to pe-
ripheral collisions, respectively). The symbols are the Monte
Carlo Glauber results using nucleons, the lines are for con-
stituent quarks (see text).

culation of ε and therefore the determination of the cor-
responding higher order moments of the event averaged
distribution of ε. For details on the MCG model and the
parameters used see Ref. [19].

In Fig. 2a, the eccentricity calculated using the MCG
is plotted versus the impact parameter (b) of an Au+Au
collision. This figure shows that the fluctuations in ε for
the most peripheral collisions are large. For the most cen-
tral collisions ε can be both positive and negative. This
leads to an obvious bias when calculating ε from 〈ε2〉1/2.
Figure 2b shows the calculated 〈ε〉 and the correspond-
ing 〈εn〉1/n. It is clear that there is a bias over the whole
centrality range, however this bias is the largest for the
most central and most peripheral collisions.

Using v2 ∝ ε, we replace in Eq. 2 v2 by ε, which allows
us to calculate ε{2}, ε{4} and ε{6}. If the right-hand side
of Eq. 2 becomes negative, we take the nth root of the ab-
solute value and multiply this by −1. Figure 3 shows the
ratio of ε{m} and 〈ε〉, where m = 2, 4, 6, versus the colli-
sion centrality in terms of cross-section. In the standard
MCG approach for nucleons with a cross-section of 42 mb
the event by event fluctuations lead to a ratio ε{2}/〈ε〉
which is always larger than 1. This shows that the exper-
imental determination of v2, using two-particle azimuthal
correlations in the case of event-by-event fluctuations in
ε, leads to an overestimation of the true elliptic flow.
This is particularly true for the most central and most
peripheral events. The inset in Fig. 3 shows the same cal-
culated values on a expanded scale. Even for the central-
ity region of 20-60% the two-particle correlation method
overestimates the true elliptic flow by about 10%. In the

nucl-ex/0312008, submitted to PRC

Interestingly, moments even of εstd track each 
other, except for <εstd> in peripheral & central
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FIG. 2: Standard eccentricity εs, participant eccentricities
ε{2} and ε{4}, and reaction-plane eccentricity 〈εRP〉, vs the
number of participant nucleons for a Au-Au collision (top)
and a Cu-Cu collision (bottom).

in the same way as fluctuations in the eccentricity. The
result is
〈

S2
〉

− 〈S〉2

〈S〉2
=

1

4N

(

〈

y4
〉

〈y2〉2
+

〈

x4
〉

〈x2〉2
+

2
〈

x2y2
〉

〈x2〉 〈y2〉
− 4

)

.

(15)
Numerically, these fluctuations are found to be practi-
cally negligible. The reason why eccentricity fluctuations
are important is that the 1/N term in Eq. (12) must be
compared with ε2

s , which is itself a small number.

5. Discussion
We have shown that the values of v2 analyzed with

different methods should be scaled by different eccentric-
ities: v2{EP2} (standard v2), v2{4} and v2{ZDC} should
be scaled respectively by ε{2}, ε{4} and 〈εRP〉, defined
in Eqs. (4), (5) and (7).

Our most important result is that ε{4} and 〈εRP〉 are
almost equal to the standard eccentricity, while ε{2} is
strongly affected by fluctuations for small systems and/or
peripheral collisions. An important contribution to the
fluctuations comes from the angle between the x′-axis

and the x-axis in Fig. 1, i.e., from the angle of tilt of the
participant ellipse relative to the reaction plane. This ef-
fect was neglected in Ref. [13] and first taken into account
in Ref. [4]. The ZDC analysis eliminates the effect of the
tilt angle by measuring the eccentricity in the (x,y) axes;
in the case of the 4-cumulant analysis, most of the fluc-
tuations happen to cancel in the subtraction of Eq. (5).

Our results show that higher-order estimates of ellip-
tic flow, v2{4} and v2{ZDC}, are not only insensitive to
nonflow effects, but also, to a large extent, to fluctua-
tions in the participant eccentricity. This is confirmed
by transport calculations [22], and explains the observed
agreement between v2{4} and v2{ZDC} in Au-Au colli-
sions [5].

Fluctuations in the participant eccentricity, on the
other hand, tend to increase the value of the standard,
event-plane v2. We have estimated this increase quan-
titatively, assuming independent nucleons. Within this
simple model, fluctuations account for less than one half
of the observed difference between v2{2} and v2{4} in
Au-Au collisions [5]. The remaining difference can be (at
least partly) ascribed to nonflow effects. Nonflow effects
are clearly seen in the different pT -dependences of v2{2}
and v2{4}, which cannot be explained by fluctuations.

However, one should be aware that estimates of the
participant eccentricity are model dependent: in partic-
ular, Monte-Carlo Glauber calculations [4, 6] generally
yield higher fluctuations. The difference is the follow-
ing: in a Monte-Carlo Glauber, each nucleon is modelled
as black disk of transverse area σ, and a nucleon from
nucleus A is a participant if it overlaps with at least
a nucleon from nucleus B, and vice-versa. Participant
nucleons are therefore correlated, and the black-disk ap-
proximation maximizes these correlations. Due to such
correlations, which are neglected in our calculation, our
estimate of the participant eccentricity can be considered
a lower bound. Quantitatively, correlations can increase
the effect of fluctuations by a factor up to 2: if the partic-
ipant nucleons can only be found in pairs of overlapping
disks, this amounts to replacing N by N/2 (the number
of pairs) in Eqs. (12-14).

Finally, let us compare our results with the recent
Monte-Carlo Glauber calculations of Ref. [6]. The re-
sults are in qualitative agreement with ours: ε{4} is much
closer to εs than to ε{2} for moderate centralities. For
large impact parameters, however, ε{4} is almost equal
to ε{2}. This means that the participant eccentricity, al-
though much larger than the standard eccentricity, fluc-
tuates little from one event to the other. This intriguing
behaviour could be a consequence of the strong corre-
lations mentioned above, and deserves further investiga-
tion.

To summarize, the elliptic flow scaled by the eccentric-
ity of the overlap zone, v2/ε, is an important observable
at RHIC as well as LHC, because if it is found to be in-
dependent of the system size, one has a strong pointer
toward thermalization. We have discussed various defi-
nitions of v2 and ε and studied how they are affected by

Bhalerao & Ollitrault
suggested that while

2-particle cumulant
is systematically higher,

4-particle cumulant 
goes back to 

“standard” eccentricity

Phys.Lett.B641:260-264,2006



Fluctuations and v2
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Corrected Scaling
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Correlations in A+A 

smooth densities
(leading to “standard” eccentricity)

standard Glauber MC
(nucleons collide in pairs,

fluctuations & correlations)

“mixed” Glauber MC
(sample nucleons from

different collisions,
fluctuations & correlations)

NB: no correlations between nucleons in a nucleus

Phys. Rev. C 77, 014906 (2008)



Full MC vs. Mixed MC
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Analytic Calculation
B&O derived a semi-
analytic form for the
cumulants, esp ε{4}

Rederived (by MDB!),
keeping all relevant terms

15

Assembling, this leads to the final result

εpart{4}4 = ε4s +
1
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(
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+ . . . , (B37)

where we now have all of the leading terms. Terms which
have been dropped are down from the leading terms by
at least a full factor of 1/N without any compensating
1/εs factor. B&O [23] left out the O

(
1/N2

)
term and

most importantly the O
(
1/N3

)
term. For Cu + Cu,

the O
(
1/N3

)
term tends to be comparable to the “lead-

ing” ε4s term. For central collisions, as εs vanishes, the
O

(
1/N3

)
term becomes dominant and certainly cannot

be neglected.
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A Closer Look at Cu+Cu
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The Difference

The pairwise collisions
of nucleons as

the nuclei collide
induce genuine

spatial correlations
which enhance the

fluctuations



Conclusions
These are all different
models of how nuclei

collide and produce matter

Based on comparisons with data, 
Glauber MC still seems to be

the most realistic

There is no simple way 
(e.g. cumulants)

recover the “ideal” geometry



Summary
•Optical Limit vs. MC approach to 

Glauber Modeling

•Participant eccentricity
• Comparisons to experimental data

•Role of fluctuations & correlations
• Irreducible feature of MC approach

• Not included in most existing models



• PHOBOS Glauber MC has been used to 
generate most of the results shown here

• Near release (pending PHOBOS approval)
• C++ code, interfaced with 

ROOT system

• Document explaining use 
patterns, with a few 
comparison distributions

• Let us know if you are interested in using 
(or testing) it!

TGlauberMC

3

runglauber vX.Y.C [7] (Latest version is 1.0.). Three
classes, TGlauNucleon, TGlauNucleus and TGlauberMC
and two example functions runAndSaveNtuple() and
runAndSaveNucleons() are defined in the provided
macro. While the functionality is essentially complete
for known applications of the Glauber approach, users
are encouraged to write their own functions to access
results of the Glauber simulation or to modify the code:

• TGlauNucleon is used to store information about a
single nucleon. The stored quantities are the posi-
tion of the nucleon, the number of binary collisions
that the nucleon has had and which nucleus the nu-
cleon is in, “A” or “B”. For every simulated event,
the user can obtain an array containing all nucle-
ons (via TGlauberMC::GetNucleons()).

• TGlauNucleus is used to generate and store infor-
mation about a single nucleus. The user is not ex-
pected to interact with this class.

• TGlauberMC is the main steering class used to gen-
erate events and calculate event-by-event quantities
such as the number of participating nucleons.

The steering class TGlauberMC has one constructor

TGlauberMC::TGlauberMC(Text_t* NA,
Text_t* NB,
Double_t xsect)

where NA and NB are the names of the colliding nuclei and
xsect is the nucleon-nucleon cross section given in mb.
The defined nuclei names are: “p”, “d”, “dhh”, “dh”,
“O”, “Si”, “S”, “Ca”, “Cu”, “W”, “Pb”, “Au”, “Ni” and
“U” (see Table I). For deuteron, the names “d”, “dhh”
and “dh” correspond to the three options described in
section II A respectively. Units are generally given in fm
for distances, while in mb for cross sections.

A. Running the Code

To generate Au+Au collisions at √
sNN =

200 GeV (
√

sNN = 42 mb) one would construct a
TGlauberMC object by issuing the commands:

root [0] .L runglauber_X.Y.C+
root [1] TGlauberMC glauber("Au","Au",42);

where the first ROOT command compiles, links and loads
the compiled macro 2 including the Glauber code as ex-
plained in chapter 2 of the ROOT users’ guide.

Events can be generated interactively using the two
functions

2 Note that you must replace X.Y with the current version number
of the code, for example 1.0.
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FIG. 2: Distributions of Npart and Ncoll for 10k events for
Cu+Cu and Au+Au at RHIC, and Pb+Pb at the LHC.

• TGlauberMC::NextEvent(Double t bgen), which
is used to run an event at a specified impact pa-
rameter, or over a range of impact parameters (if
bgen=-1, the default value) as described in sec-
tion II B).

• TGlauberMC::Run(Int t nevents) which is used
to run a large event sample by invoking NextEvent
many times.

Other important public member functions are:

• TGlauberMC::SetMinDistance(Double t d),
which is used to set minimum nucleon seperation
within a nucleus, dmin (default is 0.4 fm)

• TGlauberMC::SetBmin(Double t bmin) and
TGlauberMC::SetBmax(Double t bmax), which
can be used to set the range of impact parameter
values generated in Run().

• TGlauberMC::GetTotXSect() which returns the
total nucleus-nucleus cross section, calculated when
the function Run() is called.

• TGlauberMC::Draw() which draws the current
event in the current pad.




